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An arbitrary Klein-Gordon field with a quite general constrained condition (which contains an
arbitrary function) can be used as an auxilialy field such that some special types of solutions of
high order scalar fields can be obtain by solving an ordinary differential equation (ODE). For a
special type of constraint, the general solution of the ODE can be obtained by twice integrating.
The solitary wave solutions of th& model are treated in an alternative simple way. The obtained
solutions of thes® model can be changed to those of #idield and coupled scalar fields.

1. Introduction

#° + ¢* (or Friedberg-Lee (FL)) model [3] is related
to N =4, v; = 0. In [4], the authors discuss the inter-

The Lagrangian density of a generalized nonlineaisting properties of the self-exited soliton motion by

Klein-Gordon (NKG) field¢ = é(x1, x2,...xp,t) in
(D + 1)-dimensions has the form

[’[¢7 a“(ﬁ] = a;t(ﬁaﬂ(ﬁ - V(¢)a (1)

and the corresponding equation of wave motion rea
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For not very larges, the potential” = V(¢) in (1)
can be replaced by a polynomial functiongof

¢:o) ’ (3)
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using a¢*® (N = 10, vp+1 = 0, (i = 0...4)) model.

In [5] the generalized®™ model (V = 2m, ;41 =

0, :=0,1,...,m — 1)) is used to study the effective
kink-kink interaction mediated by phonon exchange.
owever, to our knowledge there are no known exact
solutions of (4) forN =5 andN > 6. In Sects. 2
and 3 of this paper we study the exact solitary wave
solutions of (4) forN = 5. In Sect. 2, using an arbi-
trary scalar field with a quite general constraint as a
basic equation system, we solve the € 1)-dimen-
sional > model by a second order ordinary differ-
ential equation (ODE). For a special constraint, the
general solution of the ODE can be expressed sim-
ply by an integration. The solitary wave solutions of
the ¢° model are discussd in an alternative way in
Section 3. In Sect. 4, we give special solutions of the

and then the related wave motion equation becomeg® model (1 = v = vs = v7 = 0 in (4)) by means

N
0p=> v,¢" . (4)

n=1

of the ¢® model. In Sect. 5, we discuss some special
solutions of a coupled scalar field model by means of
the »® model. The last section is a short summary.

Some well known NKG models are just spe2. Base Equation Approach for the ¢> Model

cial cases of (3) (or (4)), say, th¢ model cor-
responding toN = 4, v; = vz = 0[1], the ¢°
model toN = 6, v; = v3 = v5 = 0[2], and the
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For the¢® model, the motion eq. (4) becomes
06 = va¢) + v3¢” + v40° + v50*, (5)

where we have set; = 0 without loss of generality
because we can make transformatippr- ¢ + ¢ by
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selecting the constantappropriately. In order to get whereC; andC5 are two arbitrary integral constants.
some interesting special solutions of (5), we introduce Now the remaining key problems are how to solve
a basic equation system [4, 5] the basic egs. (6) and (7) and to finish the integra-
00 = A() ©) tion (14). For the first problem, the concrete solutions
’ of (6) are dependent on the selection of the arbitrary

5 functionB. If we selected the functioB as the poten-
- 2 2 _ tial of the known NKG fields, say, sine-Gordon (sG),
0up0"w =) (W) = W) =BE), () #* or ¢® models, various types of special solutions

have been givéfl. The simplest nontrivial selection
whereA = A(y) and B = B(y) are arbitrary func- of (6) and (7) reads

tions of. Now we suppose thatis only a function

=1

of ¢. In other words, the space-time dependence of Oy = o2y, (15)
o = ¢(¥) results from the auxiliary fielab, which is
given by (6) and (7) with two arbitrary function$ 0,00" = o2, (16)
andB. Using the basic egs. (6) and (7) and the above
ansatz, (5) becomes an ODE: In this simple case we have

Agy + Boyy = v2¢ + v3¢” + 040° + 050", (8) ¢= I 17)
Furthermore, after introducing o

1dB() The simplest solution of (15) and (16) has the form

2 dyf

cw =ewfz [ 5l [aw)- e},

N - o
©) b= [Z c, eXp <0—107> ] , (18)
=1

) 3 4 whereo, o1 ande,,vy =1,2, ..., N are arbitrary con-
Pee = (V29 +v30° +v40° +v507)C(L(E)), (10) stants and

where¢ andqy are related by

the ODE is changed to

D
/ 6, = Pvixi — wot, (19)
£= /¢ L (11) ;
VB@)C W)

Generally, to solve the ODE (10) is still quite difficult, Wile 25 andw, satisfy the conditions
However, if we select

D
=145 12 Y PiPL —wywy =1 7,9 =12 N. (20)
T 2dy (12) =1

thenC(y) =1, and (10) is reduced to 3. Solitary Wave Solutions of the ¢ M odel

vy Generally, the i i i
- 2 3 4 _ y, the integration of (14) can not be ex
Dee = V20 + 030"+ LagH Us0 (g ‘/B(¢')> pressed by simple functions. For the solitary wave
solutions with some special parameterg &nd inte-
_ _ (13) gration constant(;) we can take an alternative way
with the general solution proposed, in [7] to express (14) by some known func-
tions.
dg’ Equation (14) is equivalent to

¢
e== [
\/Cl + 0202 + 50303 + Jv4¢'4 + usg'®

2 1 2
¢ = C1+vp0° + Zv36° + Svag* + Zusd°. (21)
+ Oy, (14) 3 2 S

To find the solitary wave solutions of (21), we take a
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truncated series expansion @faround an extended , 1 9u2b% — 12002b0b2b
singular manifoldy = 0, whiley is determined by [7] ° 384 /1ngbg( > 5707172

Xe =D an®, (22) — 30u4b3bavs + 72002b5b5 (30)

2. o232 2
whereay,, k = 0,1,...K are arbitrary functions of. + 360uabobaus — 75v303 + 320}3[721}5)7

If the integerK is fixed, the possible expansions®f 5

2 1
read Cl = —é’ljgbg 5U5b0 — ’Uzbo + blao 2@4[)3, (31)
2(K-1)
P 1
D bix (23) o= T (51840:2bo050% — 9504300303
with b,, p = 0,1,...2(K — 1) being functions of. + 357122vo04b503 + 983042bov005

For simplicity, we take
311042v5b5 — 2338562bv20503

K=4 (24)
+ 1969922b,v504 + 204830203 (32)
Substituting (23) with (22) and (24) into (21) and
putting to zero the coefficients of*,k = 0, ..., we + 54002v5vsb? — 112323020202
have eleven complicated equations of the functions
ag, a1, Gz, a3, a4, bg, b1, bo and the constart;. If the _ 5120@%132@4@3 3060@)51)21)41)3
parameters,, v, v4 andvs satisfy the conditions
2 6
W = 112322202 - 5400guflus + 950420g0 + 811202030 + 337F0] — 6755075
— 357122vov4v3 + 31104203 (25) Wwhile by andb, remain free. _
Now the remaining problem is to solve the ODE
+ 6758 — 2048303 0 (22) with (2_7) - (30) and (32). According to the dif-
ferent relations among the model parameterss,
and va, v5 and the constants andb,, there may be nine

types of possiblg solutions:

(6400503 — 1500305 + 67500, — 324Q3vsvavy 1.) If the quartic equation
+5832203) (— 128203 — 45vjvs + 222020502 4

Z arx”® =0, (33)
+ 27v5v4v2 — 504@31}51)41)2 + 2161)51)2) = (26) k=0

a; being given by (27) - (30), possesses four non-
degenerate real roots, séy, ¢z, c3, ¢4}, the general
solution of (22) reads

1 1
a4 = 1—0\/ 10vsboby, a3z = gblv 10vsbo, 27) 4 In(y — cx)

= iz (cj —cx)

we have an unique solution far;, b; and C; being
constants:

—aa(§ = &) =0,  (34)

ap = ————(Tusb? + 200sbob, + Svaby), 28
2 8\/1Ov5b2( 1 5707 4b2) (28) whereq; are related te; by

b ao/ a4 = c1cc3¢4, 35
1= — P (o 2ughaby + Budy),  (20) 04T 102 ¢

3 —
8y/10uvsb3 a1/ aq = —c1¢pcq — C1C2¢3 — CpC3¢4 — C103¢4,  (36)
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ap/aq = c102 + cocq + coc3 + c1cq + 103 + c304, (37)  2.) If (33) possesses four real roots and two roots are
degenerate, say; = ¢, then the solution of (22) has

azfaq = —cy — co — c3 — ¢y, (38) the form
In(x — ¢2) (c2 — 2c1 + c3) In(y — c1) In(x — ca) 1
(c2—c1)¥(cz—c2)  (—c1+ca)?(—cy +ca)? " (c2 — e3)(c3 — €1)? * (c2 — c1)(es — ea)(x — c1) +as(=Lo)
-0, (39)

3.) If three of the four roots of (33) are equal,= ¢4 = ¢1, the general solution of (22) becomes

In(x —c1) 1 B 1 _In(x — )
(—aa+c2)® (2—c)?(c1—x) 2ca—c)x—c1)? (c2—c1)?

4.) If all four real roots of (33) are degenerate, the functidmecomes

+aa(€ — ) = 0. (40)

_ 1
RN IR “

5.) If there are two sets of degenerate roots of (33) gay,c1, ¢z = ¢y, the solution of (22) has the form
2 X—cC 1

1
In + + +ag(ca — c1)?(€ — &) = 0. (42)
cp—Ccp XY—C X—C X—C

6.) If two of the roots are conjugate complex and the other two are nondegenerate real, we have

dicz + 2c3cq + 2dp + d? + dycq arctar( 2x +dy ) B In(x — c4)
(dics+ G — do)(dz — duca — 2)\/—4dy — &2 J—4dy— a2’ (c3 = ca)(dz — daca = cf)
2
(ca—c :)n((di _ 231)03 . (d(zc 3_+ddllC:f4()3A2:;]((i(d;j 1_XC§ il il)z) +ag(§ — &) = 0. (43)

where

di +4d, < 0, (44)
and theu; are linked with{dy, d»} and{cs, c4} by

ap/aq = —dyesey, (45)

a1/aq = dgcq + dpcg + dicscy, (46)

az/aq = dy — di(cq + c3) + c3cq, (47)

az/aq = dy — c3 — cq. (48)

7.) If two of the roots are conjugate complex and the other two are degeneratg rea} {n (45) - (48)), the
related solution of (22) reads

2dyc3+ di + 2c5 + 2d, arctan_2Xtdi | (@es+dy)In(x —c3)  (2c3+dy) In(x* + dix — do)

(d2 — dycs — 22\ /—4dy — &2 [—4d, — d2 (d2 — dacs — c5)? 2(dz — dac3 — c3)?

+as(€ — &) = 0. (49)

" (do — dycs — A3)(x — ¢3)
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8.) If (33) possesses two sets of nondegenerate conjugate complex roots, the general solution of (22) becomes

2ds + dydy — df — 2d 2x*d
(2ds+dads—dy—2dp) . 2x+di | (d3—d1)ln(x +dyx — dy)

\/—4dy — d2 \/—4dy — d2

N 2dy — 2d4 — d3 + dldg 2x +d3

\/—4ds — d3 ,/—4d4— Z

+ (d5 — 2dydy — d3dy + dydady + di — dida + didadz)ags(€E — &) =0
where
d2+4dy, <0, d3+4ds <0, (51)

(ds d1) In(x* + dax — da) (50)

anda; andd; are related by

ao/as = doda, a1/as = —dadz — dida, (52)
ag/a4 = —dy — d4+d3d17 a3/a4 =d; + ds. (53)

9.) Finally, if d; = dz andd, = d4 in (52) and (53), the function should satisfy the relation

2y +d 4 2y +d
AT arctan——"" 4 q,(—4dy — d?)(€ — &) = 0. (54)

(PH+dix—do) [ 44, g2 J—ad, — &2

If the condition (25) is not satisfied, we have five further possible cases:
(i) If the parameters,, v3 andC; are taken as

_ _ 1502 ~
=0 BTy 270 (55)
then they function is given by
1 v Us Vi 2?]5(2()2)( + bl)
arctan 56
V10(22x + b1) 5 —bovyg |’< —Bbhova ) 32\/—(5 o) = (56)

and the corresponding solution of the model with (55) reads

b 2
=L 4pv+b 57
¢ 2, T Hbax (57)

with three arbitrary constants, b, and&.
(ii) If the parameters;,, v3 andC; are given by
93 3v2 203

27732 BT Tl ' G40

the relatedy obeys the form

L Vs arctanf( VUs(2bax * bl)) + VA0 (£ —%)=0, (59)

(58)

" 2byx+b1 /Bhova NG 16\/vsh,
and¢ has the form
—3v4by + v5b?
b= T oUab2 T U507 biy + b\ 2. (60)

41)5[)2
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(iif) The constraints on the parameters for the third special solution read

=0 ”2=826—%:é’ ”F%i’ (61)
while the corresponding and¢ are given by
AL 1505 V552 + i) »
g 100(2ox +b1) 500\/@ r( Vbt ) 480\/@(5 —&o) (62)
an
¢= % + b+ bax’, (63)
respectively.

(iv) For the fourth special solution we have constraints on the parameters and the first integration
constantCy:

e = 3(/5+ 12 vy = — v3(29v/5 — 60)
s 325 1604(7+/5 — 27)’

The relatedy function is given by

V=" YL TS0 SNV, S}

V1004b2 \/ VBuaby

Ccy1=0. (64)

vy (V5= 1)(§ — &) _

51/4?}5 (65)
and the solution of theé equation is
2 _
¢= 1)51)1—\/31)41)2 +byy + b2X2~ (66)
4?)5[72
(v) The final special solution has the form
2 _
¢ = vsby — 2vaba + V5usby +byx + bax?, (67)
4?)5[72
where the functiory is related ta¢ implicitly by
/54 vs(5 + 3v/B)(2boy + b +
> 2\/3 arctanr( s( J(2ax 1)) — 5Y/4 arctanr(iv‘r’(%zx bl))
V' =bava \/ —V/Bbovs
\/—0(\/E 1)vav/—va(€ — &o) _
(68)
321)5
while the constrained conditions for the model parametgrss; and the integral constant; are
s 3(v5 + 12 N v3(29V/5 — 60) o = v3(45256553020095 — 10119671799191) (69)
s 305 ¢ 16v3(7v/5 — 27) ' 12802(20403766846¢5 — 456248189781)

The parameterky, by, and&g in the above special cases are all arbitrary constants.
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4. Solutions of the ¢ Model solutions of other physically significant models, say
the coupled nonlinear scalar field model
If we takeN =8, v1 =v3=vs=v7=01in (4), we
get thep® model Of = Ay f + Apf3 + Asfg?, (79)

OF = V@ + Vad® + Vgd° + Vad', (70) Og = B1g + Bag® + Bag f? (80)

where we have writtem;,i = 2,4,6,8 and¢ asV; ‘which appears in some physical fields such as parti-

and¢ for convenience later. By means of the basige jhysics and field theory [8] and condense matter
equation approach proposed in Sect. 2, some typeSf, sics [o].

special solutions of the® model (70) can be obtained™ After some complicated but direct calculations, we

by solving a similar ODE: can change the solutions of the model obtained in
AB., + B, = Vod + VB3 + Ved® + Vad?. (71) Se€ctions 2 and 3 to those of the coupled scalar fields
v ¥o ~ 72 4 6 8", (71) f andg for some special parameteds and B;. Here
where the auxilialy field) and the arbitrary functions are five possible examples.
A = A(y) andB = B(v) are related by (6) and (7). case 1
Especially, ifA and B satisfy (12), we have

1 1
— @44._
2V 3

If the parametes3; and B3 are related to other

arameters b
PZ = Vod? + Ved® + }ngss (72) P y
4 AB 5
12 B3 == A,, (81)

Bi=———
1T T 11B, — 643 9

_c 2 3
> (241/2 +18V5¢ + 16Vec? + 15Vge )

o _ ) ) ~aspecial type of the coupled scalar fields reads
wheref is givenin (13) and is an arbitrary integration

constant. g =0, (82)
It is interesting and straightforword to see that the
solutions of (72) can be obtained simply by using the, _ +9
transformation 7= 504,\/A; (3(6A3 ~ 1152)(4s = 552)
b=\/c+ s (73) g 1/2 3 9 g )
- (15B; — + 158, —
whereg is a solution of thes® model (21) with (155, 3)) ¢ 25A2( 2 )9
5
v = 2Va, (74) 39 [344(5B, — A3)(15B; — 845)
o 254, (11B, — 6A43)
vg = = Vg +10cVg, (75)
3 | 27(15B; — 843)4; ©3)
v3 = 3V + 16cVg + 15:2V, (76) 25(11B; — 643) 4,
vy = AV + 6cVy + 82V + 10c3Vg, (77) Wheres is an arbitrary solution of the® model given
in Sect. 3, or more generally by (14) with
C1 = 42 (Vo + eV + AV + V). (78) D15, — BANAZ

So, all the special solutions obtained in Sects. 2 and 3

25(11B, — 643)2 ’
can be transformed to those of & model.

_ _/34:(5B; — A3)(15B, — 843)
5. Some Special Solutionsof Coupled Scalar Fields BT 5/(115, — 643 :

Actually, the special solutions of th& model ob-
tained in sections 2 and 3 may be used to get exact V4 = 4B2 — 5A37
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24,(124;3 — 25By)

(83)

vV =
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we can obtain a special solution of (79) and (80) with

5(11B; — 6A43) ’ the form
_ 1 g=9, (93)
Us = j:ilo\/A_
1
\/—55A41A3 643
_ _ _ PR i
- /3(11B; — 6A3)(5B; — A3)(15B; — 843). 50,4, 54,
Case2 18 EsaAe (94)
If the parameterd3; (i = 1,2, 3) are related to4; 55A M
by where ¢ is given by (14) or¢ in Sect. 3, while the
13 constants; andC; should be replaced by
Bi=——/A Ar —1 !
1= g4 B2 = 28795543(5 +—1539)
5 C1=0, vp =441, v3= i \/—55A3A1,
B3 . §A2 (86)
with vg = —4—5A3, vs = F Aszy/—55A34:. (95)
11051 553
Ay =— + 87
* 8 ~ /128553 670 s
and the parameters of the solutions of #itemodel For
given in Sects. 2 and 3 are replaced by 1 1 5
5 By = §A17 By = §A37 Bz = §A27 (96)
Cl=0, U2=—2A1, v3 = —Bi, . . .
9 a special type of solutions of the coupled scalar fields
reads
43+ 1
v 28795543(83 3+1601.), (88) g=¢, (97)
9 9 A
= A%(8324. + 124011 2-_° g 3__ 1
' 51ga1g, dooAt: ) 17 =g, 150 A4 30” — 5 (98)
with
where¢ is given by (14) or¢ in Sect. 3, while the
By = %110 (43A1(229+ V/7553)) (89) Cconstants; andCy should be replaced by
2 4
then a special solution of (79) and (80) has the form C1=0, vp=— 9A17 v3=0, vg= 5A37
9=, (90) vs = arbitrary constant (99)
2 A4S 3
fo= m(ssmi +124011p (91) Caseb
2 The final one has the form
8A3 2 1 Al _
_ 998 (50655+152, )% + —— Byg — -t =9, 100
15997542( 0655+152, )¢ 50~ I g=9¢ (100)
Case3 P = %¢3, (101)
! 54,
When the parameter; are fixed by
14 5 where theB; are fixed as
Bl = 4A17 BZ = 4_5A37 B3 = §A27 (92) 4 8 5
Bl = §Al7 B2 = 1_5A37 B3 = §A27 (102)
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andv; andC; of the ¢® model should be replaced by Fourteen types of exact solutions of #iemodel are
obtained from the nonstandard truncation approach.

C1=0, vp = i"Al, v3=0, vg = EAg, It is interesting that the exact solutions of the
9 15 model may be mapped to the solutions of many other
vs = arbitrary constant (103) kinds of physically useful models. In this paper we

have obtained some exact solutions of two physically
From the field equations (79) and (80) we know thagignificant models: (i) Making a simple transforma-
if we take the transformation tion, all the exact solutions of the¢> model obtained
_ _ from the basic equation approach can be changed to
A= By [y (104) those of thep® model. (i) For the coupled nonlin-
for Case 1 to Case 5, we can get another five speci’ scalar field model which is used in field theory

types of solutions for the coupled scalar fields, ~ @nd condensed matter physics, there may be abun-
dant solitary wave structures [10]. For some special
6. Summary parameters of the coupled scalar field equations we

obtained ten types of special solutions by means of
In this paper, using an arbitrary single scalar fielthe »° model.

equation with a constraint COI’]d!tIOI’] as the basic €Uy o edg t
tion system, we obtain a special type of exact solu-
tions of thep® model by solving an ODE. For special The work was supported by the National Natural
types of the constraint, the ODE is solved by diredécience Foundation of China and the Natural Sci-
integration. For the solitary wave solutions we solvence Foundation of Zhejiang Province of China. The
the problem by a nonstandard truncation approaetuthors thank Professors Q.-p. Liu, X.-b. Hu, G.-x.
of the extended Painlévapproach developed in [7]. Huang, Y.-j. Zhu and G.-j. Ni for helpful discussions.
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